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Thermal Conductivities of Quantum Well Structures

G. Chen* and C. L. Tien¥
University of California, Berkeley, Berkeley, California 94720

This work analyzes the size and the boundary effects of a gallium arsenide- (GaAs) based quantum well (QW)
structure on the thermal conductivity of the well material. Calculations show that the order of phonon mean
free path (MFP) is equal to or even longer than the typical dimension of the well (~200 A or less). Holland’s
model is applied to match the thermal conductivity data of bulk GaAs from 2 to above 600 K. The equation of
phonen radiative transfer (EPRT) developed from the Boltzmann transport equation is then introduced for the
heat transport in the QW structure. Boundary conditions are built from the diffuse phonon mismatch theory,
and approximate solutions are obtained for the cases of heat flow perpendicular and paratlel to the well. Results
show that the thermal conductivity of the quantum well can be one order-of-magnitude lower than that of its
corresponding bulk form at room temperature. The size and boundary effects also cause anisotropy of the
thermal conductivity, even though the unit cell of GaAs is cubic.

Nomenclature

= lattice constant

= constant, C,, k*%/(2a*hv,)

= volumetric specific heat

= density of state

= exponential function

= boundary scattering correction factor
= phonon distribution function

= constant

= universal function

= film thickness

= Planck constant divided by 27

= phonon intensity

= thermal conductivity

= characteristic length of crystal

= atomic mass

= total number of primitive cells
fraction of specular phonon reflection
= heat flux

= quantity given by Eq. (28)

= temperature

= crystal volume

= phonon group velocity

= hw/kT, or AlAs concentration

= coordinate parallel to film

= coordinate perpendicular to film

= coefficient, or transmission coefficient
= coefficient

= Euler constant

= nondimensional distance, z/T,v

= mean square root deviation of surface roughness
= angle in Fig. 1, temperature

= Boltzmann constant

= phonon MFP

= phonon wavelength

= vector in displaced Planck distribution
= cosé

= relaxation time

= angle in Fig. 1b
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¥ = universal function

Q = solid angle

@ = angular frequency

Subscripts

b = boundary

D = at Debye temperature

h =atz=nh

i = internal scattering or medium i
3-i = medium adjacent to medium I
/= phonon polarization

L. = longitudinal phonon

n = normal process

g = phonon wavevector

t = total quantity

to = transverse phonon at low frequency
tu = transverse phonon in umklapp process
u = umklapp process

y = y component

z = Zz component

© = spectral quantity

Superscripts

0 = at equilibrium

+ = positive direction, 0 < § < 7/2

It

negative direction, 7/2 < 0 < 7

Introduction

ALLIUM arsenide- (GaAs) based quantum well (QW)

structures represent a rapidly expanding area of research
and development. A quantum well structure often consists of
one or more ultrathin (~200 A or less) low bandgap semi-
conducting layers, embedded in a high bandgap medium.
Electrons in such ultrathin layers (the active region) display
strong quantum size effects due to the difference in the band-
gap energies of the confining and well materials, which greatly
change the electrical and optical properties of the structure.
Devices based on QW often have superior characteristics. For
example, QW semiconducting lasers have much lower lasing
threshold currents and are becoming the key elements in op-
tical fiber communication and optical storage.! They can also
act as electronic-to-optical and optical-to-electronic inter-
faces, which make the integration of optics and electronics
possible.

Thermal conductivity is an important parameter in the de-
sign of the power consumption devices. For GaAs-based QW
lasers, it affects their operating temperature, stability, output
mode, and packing density. One problem in the design of
better semiconducting lasers is heat dissipation. Several ex-
isting thermal models use bulk thermal conductivity data in
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Fig. 1 Sketch of a quantum well and the coordinate systems: a) heat
flow perpendicular to the well, b) heat flow parallel to the welil.

their calculations.? However, due to the small dimension of
QW structures, the validity of the bulk thermal conductivity
is subject to question.

Study of size effects on thermal conductivity originated from
the experimental work of de Haas and Biermasz® and the
theoretical explanation by Casimir.* Both Casimir and later
Berman et al.” considered the very low temperature limit and
used the photon radiation heat transfer analogy, because at
very low temperatures all other scattering mechanisms inside
the specimen are suppressed, therefore, only boundary scat-
tering is important. Similar results were also obtained by Ziman®
from the Boltzmann transport equation (BTE). At higher
temperature, when both the internal and the boundary scat-
tering effects are important, Matthiessen’s rule® is often ap-
plied to obtain the total phonon relaxation time, though its
validity for the boundary scattering has never been vigorously
proven. Herring” and Carruthers,® however, started from the
BTE and obtained an equivalent boundary scattering relax-
ation time so that Matthiessen’s rule is valid in form.

Recent measurements on thin films of micron range show
that their thermal conductivities are generally much lower
(e.g., 1-2 orders-of-magnitude), than those of their corre-
sponding bulk materials.® Some plausible explanations include
the columnar structure, cracks, and porosity produced during
the formation of the films. Redondo and Beery'® developed
a microcrack model to explain the reduction of the thermal
conductivity. Volklein and Kessler'! conciuded that both the
boundary scattering and the columnar structure should be
included in explaining the thermal conductivity of polycrys-
talline bismuth films. Flik and Tien'? used a simple geometric
argument and obtained the phonon mean free path (MFP)
reduction for superconducting thin films.

In a GaAs QW structure, the active region is sandwiched
between Ga, _,Al As alloys, as shown in Fig. 1. Most heat
flows perpendicularly through the layer and the confining
media to the substrate. In this case, the transmission and
reflection of phonons at the solid interfaces as well as the
finite film thickness should be considered. An example of the
effects of phonon transmission and reflection at an interface
is the thermal boundary resistance. !

This article conducts a theoretical study of the size and
boundary effects of the active region on its thermal conduc-
tivity. Holland’s model is used to match the thermal conduc-
tivity data of bulk GaAs from 2 to 600 K. In a QW, the
equation of phonon radiative transfer (EPRT)* developed
from the BTE is applied. Boundary conditions are incorpo-
rated to obtain the thermal conductivity in the direction per-
pendicular as well as parallel to the film. The results show
that the thermal conductivity of the well material can be much
lower than that of its corresponding bulk form, even at room
temperature. Anisotropy of thermal conductivity caused by
the size and boundary effects is also presented.

Phonon MFP

The thermal conductivity of a gas from classical kinetic
theory is's

k = ¢vA/3 (1)
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Fig. 2 Phonon MFP as a function of temperature for GaAs.

By analogy, phonons can be treated as a phonon gas, and the
above formula can be used as a definition for the phonon
MFP A.5%® Although the theoretical calculation of A is not
easy, the above formula can serve as an estimation of A if
other quantities are known through experiment.

Figure 2 shows the phonon MFP variation of bulk GaAs
with temperature calculated from Eq. (1). Thermal conduc-
tivity data from 0-300 K are read from Holland’s'® measure-
ments (the sample with impurity concentration 7 X 10 ¢cm—?
and characteristic cross-sectional dimension of 0.729 ¢cm). For
temperature above 300 K, Amith et al.'” experimental data
are adopted (the undoped n-type sample with impurity con-
centration 5.0 x 10' cm~3). According to Amith et al., the
electron contribution to the thermal conductivity is negligible
for the sample. But above 600 K there is a strong photon
contribution to the thermal conductivity, which is not ex-
cluded in the calculation of the phonon MFP. The volumetric
heat capacity of GaAs is obtained by multiplying its specific
heat'® with its density, 5.31 g/cm®. A special average of the
transverse and the longitudinal phonon velocity, v = (2v3!
+ v )~ = 3.3 x 10° cm/s, is used for the average phonon
velocity e

It is clear from Fig. 2 that even at room temperature, the
phonon MFP, ~200 A, is of the same order or even larger
than typical quantum well dimension, therefore, use of bulk
thermal conductivity data for the active region is inappro-
priate.

Thermal Conductivity of Bulk GaAs

Most of the existing theory for the prediction of thermal
conductivity starts from the phenomenological BTE.®% Under
the relaxation time approximation its steady-state form is

v-gradT%, _ L) + Lo = Ja (2)

TI’I Tll.

where 7, is the relaxation time for all normal processes—the
ones that conserve momentum—mainly the three phonon
normal process (N-process). 7, is the relaxation time for those
processes that do not conserve momentum including, e.g.,
the scattering due to impurity, defects, and the three phonon
umklapp process (U-process). The toatl 7, is obtained ac-
cording to Matthiessen’s rule by adding the reciprocal relax-
ation time for the appropriate processes. f9 and fo(A) are
the Planck and the displaced Planck distributions which the
U-process and the N-process approach at equilibrium, re-
spectively.

Callaway* manipulated the above equation and obtained
an expression for the thermal conductivity

oo [ et
o v/L + ax*T* + (B, + B)x2T>

dx + k,
3)
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Table 1 Parameters used in modeling the thermal conductivity of GaAs

vy X 10°, cm/s?

Temperatures, K°

Vr Vi Viu Vb 6, 0, 0,

bp B B BL o F¢

248 524 105 33 99 113 326

345 091 x 10° 6.5  0.264 136 0.5

Vr, Vi, V, from Holland,' V,, the phonon group velocity at { = 0.5 in Waugh and Dolling’s phonon spectrum of

GaAs in [100] dircction.?

61, 6, 05 calculated using corresponding frequency in Waugh and Dolling’s phonon spectrum of GaAs,? 6, from

Holland.'¢
“dFrom Holland.'®

T
° Holland (1964) 3
4 Amith et al. (1965)
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Fig. 3 Thermal conductivity of bulk GaAs.

where k, is a correction term due to the N-process and is
generally neglected.® The denominator in the integrand is the
sum of the inverse relaxation time of the individual scattering
mechanisms according to Matthiessen’s rule: the first term is
due to boundary scattering; the second term represents the
scattering by impurities and isotopes; and the third term in-
cludes the three phonon N- and U-processes.

Callaway’s model has been successfully used in modeling
the low temperature thermal conductivity of a wide range of
semiconducting materials, including GaAs,®¢ but it fails at
high temperatures, e.g., above 100 K. Holland" extended
Callaway’s model and matched the thermal conductivity of
silicon and germanium over 2—1000 K. His model emphasizes
the difference of the longitudinal and the transverse phonon
spectra of silicon and germanium.?! For the transverse phonon
branch, two phonon group velocities were used, one for the
low frequency phonons (@ < w,) and the other for high fre-
quency ones. According to Holland, the total thermal con-
ductivity consists of three parts

k= ko + ki + k. (4)
where k, is longitudinal phonon contribution, k,, and k,, are

the contributions of low and high frequency transverse pho-
nons, respectively. The various terms in Eq. (4) are given by

6T dox{ px _ -2
k[o — z T3 J ! Czox € (e 1) (5)
3 o v,/(FL) + ax*T* + BxT?

05T Coxlex(ex — 1)2
ktu ——— T3J 1
3 o1 vp/(FL) + ax*T* + B,x*T¥sinh x dx (6)

63/ T Coxtex(ex — 1)72
k, = -T3 f L
L3 o V/(FL) + ax*T* + B, x*T* &)

The denominators in the integrands of the above equations
are similar to that in Eq. (3) except the three phonon processes
are replaced by appropriate forms.

Due to the similarity of the phonon spectra among GaAs,
Si, and Ge,* Holland’s model should be applicable to GaAs.
Following similar procedures used in Holland’s paper, the
thermal conductivity of GaAs is matched with the experi-
mental data as shown in Fig. 3. Also shown in Fig. 3 are

contributions from each of the three terms. Table 1 gives the
coefficients used in the calculation. 8,, is obtained by matching
the experimental data at 600 K, B, is derived from data at
300 K, and B, is extracted by matching the low temperature
data. The model is not expected to match experimental data
at temperatures greater than 600 K because above this tem-
perature photons also contribute to the thermal conductiv-
ity.1” Compared with the experiment data, it is seen that the
model is very good at high and low temperatures. At inter-
mediate temperatures between 10-100 K, the measured ther-
mal conductivity is lower than the theoretical curve. This is
due to the resonance scattering associated with impurities, !¢
which is not included in the model.

Equation of Phonon Radiative Transfer

When the phonon MFP is of the same order or longer than
the characteristic specimen dimension, boundary conditions
will affect the phonon distributions inside the medium, and
the energy transfer process becomes volumetric. Klitsner et
al.” showed through Monte Carlo simulation that a temper-
ature jump exists at the specimen boundaries, analogous to
the temperature slip in a radiative transfer medium.?* In this
case, it is not the temperature gradient but the temperature
of the boundaries that governs the heat flow. Consequently,
the a priori assumption that a temperature gradient exists in
the medium is not satisfied and the simplified BTE [Eq. (2)]
does not hold. Majumdar!* recently developed from the orig-
inal BTE the EPRT

dl
—= =], + 12T 8
wigE = Lo+ T ®)
Note that {(=2z/7,v) depends on temperature as well as fre-

quency. The spectral phonon intensity /, is defined as

I, = vf,ivD(w)/AT )

I, is the flux of phonon energy per unit time, per unit area
perpendicular to the direction of the phonon propagation, per
unit solid angle in the direction of phonon propagation and
per unit frequency interval around w.

A nontrivial question is how to define the temperature in
the film because temperature is a concept at thermal equilib-
rium. In bulk medium, local thermal equilibrium is reached
within a region of the order of phonon MFP. In this case, the
equilibrium phonon distribution is described by the Planck
distribution fJ. When the phonon MFP is larger than the
specimen dimension, such a local equilibrium state is no longer
attainable. Phonons at each points are not at equilibrium with
each other. For example, some may be at a temperature close
to one boundary and the others to that of another boundary.
Ziman® gave a definition of the temperature at z such that
f,(2), averaged over an energy surface in g-space, gives just
the same total number of particles of that energy as f3. Such
a definition, however, may yield multiple values of temper-
ature at one location since total phonon number at different
frequency may correspond a different temperature of the Planck
distribution. The local temperature is thus defined here such
that the total number of phonons (integrated over all energy
and wavevector) in one location equals that of the total num-
ber of phonons obeying the Planck distribution at that tem-
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perature. This definition agrees with Swartz and Pohl’s'> dis-
cussion for the case where no internal scattering exists.

Due to the similarity of EPRT with the equation of radiative
transfer,?* many results from radiative heat transfer can be
applied to the conduction problem. Majumdar'* has discussed
the so-called ““acoustically thin and the ‘“‘acoustically thick”
limits in analogy to the “optically thin” and the “optically
thick” limits and has showed that the EPRT approaches the
conventional heat conduction problem in the acoustically thick
limit.

Thermal Conductivity Perpendicular to Film
As was previously mentioned, most of the heat generated
flows perpendicularly to the film in a quantum well. In this
case, a one-dimensional treatment is appropriate, as shown
in Fig. 1a. The two-flux model of radiative transfer* can be
applied and the EPRT becomes

wdlz/d; = I3 + I9T@)], (O<6<m2) (10)

pwdlj/ide =1, + I2[T()], (w2<6<m (11

It should be noted that the two-flux model is in essence the
same as Fuchs and Sondheimer’s model.?® The difference lies
in the use of the phonon radiation intensity instead of the
distribution function.

Boundary Conditions

To solve Egs. (10) and (11), boundary conditions at the
two interfaces have to be specified. Phonon transmission and
reflection at the interface of two solids has been a subject of
study because of the thermal boundary resistance phenom-
ena.'* The most commonly accepted explanation is the acous-
tic mismatch theory, which attributes the temperature jump
at the boundary to the difference of phonon propagation ve-
locities in the two media. Besides the acoustic mismatch, other
mechanisms, such as the boundary roughness,? are also re-
sponsible for the boundary thermal resistance. More recently,
Swartz and Pohl* proposed a diffuse mismatch model in trying
to obtain a better quantitative agreement with experimental
data. The model assumes all the phonons are diffusely scat-
tered at the interface. Ziman® gave a rough estimation of the
fraction of specular phonon reflection at a surface as

p = exp(—16m3n3/A%)

Under Debye approximation, the dominant phonon wave-
length A is about 27vA/kT. For the best interface, » is of the
order of the lattice constant a. Substituting these quantities
into the above equation, it is obtained that when

T > vhI(2\/ mKa)

the specular phonon reflection is less than e~'. For GaAs,
the above equation yields T > 10 K where v, has been used
for the phonon velocity, because from Fig. 2, k,, dominates
in such a temperature range. So for most temperatures, the
phonon scattering can be considered as diffusive. Because of
the simplicity of the diffuse mismatch modetl it will be used
in the following treatment. The scattering mechanism inside
the bounding media, e.g., Ga,_, Al As, also favors the use
of the diffuse mismatch model. It has been shown? that the
reduction of the thermal conductivity of the Ga, _,Al, As be-
low GaAs and AlAs is due to the mass difference scattering.
Similarly mass difference scattering is expected at the bound-
ary when phonons propagate from one medium into the next.

The diffuse mismatch model was developed to explain the
thermal boundary resistance. In the following treatment, how-
ever, it will be applied to establish the boundary conditions
for EPRT. The possible temperature difference between the
two media at the interface will not be considered.

Using the Debye approximation, Swartz and Pohl'® give
the transmission coefficient at the interface from medium i to
its neighboring medium 3-/ as

a;(w) = Z vy, / 2] V.7 (12)

Evaluation of the transmission coefficient from Eq. (12) re-
quires longitudinal as well as transverse phonon velocities.
Unfortunately, a detailed phonon spectrum of the AlAs could
not be found, not to mention those of the Ga, _, Al, As alloy.
To proceed, approximations have to be made. It is known
that the Debye velocity is related to the Debye frequency
through?®

N = w3 Viea?v? (13)

For the Ga,_,Al, As alloy, a pseudocrystal model has been
used to predict its thermal conductivity.?” Because the lattices
of the GaAs and the AlAs are closely matched, the former
is 5.6535 A and the latter is 5.62 A, the lattice constant of
the pseudocrystal can be taken as the average of the two, a
= 5.636 A.? Since there are four GaAs molecules in a unit
cell, N is related to the volume of the crystal as N = 4V/a.
Inserting these relations into Eq. (13) gives the relation be-
tween the phonon velocity and the Debye temperature as

y = kh~' (2413 0pa (14)

Steigmeier? obtained a relation between the Debye tem-
perature and the atomic mass of the crystal

0p = 4.19 X 10-3G/(a>M )" (15)

where G = 0.949 for AlAs and 0.936 for GaAs. Such a small
difference is neglected in the subsequent treatment and G is
taken as the average of the two for the Ga, , Al As alloy.

The atomic mass of Ga,_,Al, As can be calculated by av-
eraging those of GaAs and AlAs

M = 72.37(1 — x) + 50.95x (16)

Equations (14—16) relate the phonon velocity of Ga, , Al As
with the AlAs concentration x, but they do not distinguish
the transverse and the longitudinal phonons. To be consistent,
instead of the measured transverse and longitudinal phonon
velocities, the same formulas are used to estimate the phonon
velocity for GaAs when calculating the transmission coeffi-
cient. The phonon velocity of GaAs thus calculated is 4.11
X 10° cm/s, which is not far from the average phonon velocity,
3.3 x 10° cm/s. The final expression for the transmission
coefficient is

a(w) = a = (1 — 0.296x)/(2 — 0.296x) (17)

Because of the Debye approximation, the transmission coef-
ficient is independent of phonon frequency in the diffuse mis-
match model. Also note that the maximum possible value of
a is 0.5 in the diffuse mismatch model.??

With the transmission coefficient decided, the boundary
conditions for the phonon intensity can be written as

13(0) = (1 — a)I;(0) + oL (T)) (18)
15(8) = al (T5) + (1 — a)5(4) (19)

In Eq. (18), the first term on the right side is the reflection
of phonons at the boundary { = 0 and the second term rep-
resents the transmission of phonon from the neighboring me-
dium, which in its original form should be «,_,,I,5(T}), where
a; ,; is the transmission coefficient of phonons from the con-
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fining medium into GaAs and I_; is the phonon intensity in
that medium. But according to the principle of detail bal-
ance,'% it equals the last term in Eq. (18). Similar explanations
hold for Eq. (19). These two boundary conditions are parallel
to the ones used in radiation heat transfer,?* with the trans-
mission coefficient corresponding to the spectral emissivity.

Thermal Conductivity

Solving Eqgs. (10) and (11) is straightforward.?* The heat
flux is obtained by integrating ul,, over solid angle and fre-
quency. When there is no internal source inside the medium—-
the case of phonon radiative equilibrium'*—the derivative of
the heat flux equals zero, which leads to an integral equation
for the equilibrium phonon intensity distribution

[ {zzgm)} CIZOEAD + I (GEAL — O)

" - o dz} / () do = 0 20)

where E,(z) is the exponential integral defined as?*

1
E,(z) = L p =% exp(—z/p) du

Only in a few special cases are analytical solutions of the
above integral equation possible because of the strong de-
pendence of 7, on w. A well-documented example in radiative
heat transfer is the gray medium approximation,?**° which
corresponds to a 7, independent of frequency. In this case,
the integral equation can be transformed to a standard form
and its solution is a universal function. It is found that the
radiative heat flux can be approximated very well by

Vo= ginll(0) — Io(G)1 = (1 + 3,/4)  (21)

For phonon radiative transfer, the gray medium approxi-
mation is difficult to justify. But since no other known simple
solution exists, it is assumed here that Eq. (21) is a good
approximation for the spectral heat flux. This corresponds to
the solution of dg,/dz = 0. It is not clear how rough this
approximation is. The final “‘nice” expression for the thermal
conductivity will show the tradeoff for such an approximation.
Under this approximation and using Eqs. (18) and (19), the
spectral phonon energy flux can be written as

g, = w[L(T)) — L(THV(¥;' + a7t + a;! = 2) (22)

where the subscript w has been attached to ¥ to emphasis
that it depends on frequency.

For small temperature differences the apparent thermal
conductivity perpendicular to the active region can be ob-
tained

kT3
T 2wy

L[
k. = AT Jo 4. do

op/T x4ex(ex _ 1)—2
L i o — @3)

where the integral has been multiplied by a factor of three to
account for the three phonon polarizations.

Equation (23) is similar to Callaway’s model if the correc-
tion factor is taken as

F=3/4(a;! + a5 — 1)] (24)

The denominator in the integrand of Eq. (23) is the inverse
total relaxation time. It shows that at least under the ap-

proximations invoked above, Matthiessen’s rule holds for the
boundary scattering.

With F in Holland’s model replaced by Eq. (24), the ther-
mal conductivity perpendicular to the film is obtained. If the
boundaries were black, oy = a, = 1, Eq. (24) gives F =
0.75, which coincides with what Holland used.!® But this is
only a coincidence because the factor F there corrects for the
finite length of the specimen and depends on the length-to-
width ratio. Also, as mentioned above, the transmission coef-
ficient from the diffuse mismatch model excludes the case
a, = a, = 1. The following calculation uses Holland’s model
except the boundary scattering term is considered separately,
as in Eq. (23). Results for films thicker than the typical active
region are also presented. Only symmetric QW, oy = a, =
a, are included.

Figure 4 shows that at low temperatures the thermal con-
ductivity of GaAs in the QW can be several orders-of-mag-
nitude smaller than that of its bulk value. This is because at
these temperatures the internal scattering length is much greater
than the well width. The shift of the maximum position reflects
the fact that boundary scattering becomes effective at higher
temperatures with decreasing film thickness. Similar trends
are observed for polycrystalline diamond films.' Even at room
temperature, the size effects exist for films of several microns.
Also shown in Fig. 4 are the cases a; = «, = 1, the black
boundaries, though they are excluded from the diffuse mis-
match model. The influence of the boundary conditions is
also illustrated in Fig. 5, which displays the change of thermal
conductivity with film thickness at 300 K. Increasing the trans-
mission coefficients (i.e., decreasing the AlAs concentration
x in the boundary medium) will increase the thermal con-
ductivity because a decreased transmission coefficient means
more phonons are reflected back to the region, therefore, less
heat leaves. This is different from the case of heat flow parallel
to the film,> for which a higher specular reflection at the
boundary means an increase in the phonon MFP and thus an
increase in the thermal conductivity.

2
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Fig.4 Thermal conductivity perpendicular to the film vs temperature
at different film thickness and boundary conditions.
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But according to Fig. 2, the phonon MFP at 300 K is about
200 A, so that it may be asked why films about microns still
have size effects. The answer lies in the difference between
Egs. (1) and (3). In Eq. (1) the volumetric heat capacity
includes both the transverse and the longitudinal phonon con-
tributions; but from Fig. 3 it can be seen that at 300 K only
the high frequency transverse phonons conduct heat effec-
tively. A detailed investigation into the integral in Eq. (3)
also reveals that in the integration interval (with increasing
frequency) the total relaxation time decreases but the spectral
phonon heat capacity increases, which means that the pho-
nons with higher heat capacity do not carry heat proportion-
ally. The net effect is also a reduction of the effective heat
that the phonons can bring with them. Calculation of the
specific heat using Debye’s model showed good agreement
with experiments, but the results corresponding to Holland’s
model are about four times smaller, which may indicate some
flaws in Holland’s model. From Table 1 typical relaxation
time of the umklapp process at 300 K is about 10~? s, cor-
responding to a relaxation length of a micron. This explains
why films of micron thickness still exhibit size effects.

Another question one might ask is what happens if x = 0,
which corresponds to a bulk GaAs. Two limiting cases may
exist. One is that the active region is separated by irregular
boundaries. This corresponds to grain boundaries in solids,®
which will scatter phonons and the limit case is the diffuse
scattering with &; = a, = 0.5. The other limit is a perfect
crystal, in this case, a meaningful local temperature must be
in a region of the order of the phonon MFP; arbitrarily taking
a region of dimension smaller than the phonon MFP and using
the formulation above will lead to unacceptable results.

It should be emphasized that the thermal conductivity ob-
tained here is not an intrinsic property.®** In fact, the above
derivation clearly demonstrates that the Fourier diffusion
equation does not hold. The temperature distribution should
be obtained by solving the integral Eq. (20). Analogous to
the radiative heat transfer, a temperature slip may occur at
the boundary.?** But such a slip is more fundamental and
cannot be compensated through other modes of heat transfer.

Thermal Conductivity Parallel to Film

For quantum well structures and thin films on substrates,
heat flows mainly perpendicular to the film. However, there
is also heat flowing in the lateral direction. In this section the
thermal conductivity parallel to the film will be discussed. For
simplicity the following assumptions are made: 1) heat flows
parallel to the film; 2) the lateral lengths are much larger than
both the film thickness and the phonon MFP so that the film
can be considered as infinitely long and wide; 3) diffuse
boundary scattering; and 4) the temperature is uniform in the
Cross section.

The following analysis is similar to Herring,” but the EPRT
is used. In two dimensions, as shown in Fig. 1b, EPRT can
be written as

dre dT dr, I2[T(y)] — 1,
"ardy TV (@) (25)
The first term in the above equation is an approximation of
dl,/dy. Because of assumption 2), a temperature gradient
exists along the y direction. The second term on the right
reflects the effects of the boundary.

Since the first term on the left does not change with z, the
two-flux model can be applied for the z direction. The so-
lutions are

u@)=mwkm<i§-+@&+lw

)

m@—ummdéf%~@&+m

Noexp (=8 _
o (55 -] &

where

R, = —v,(dI%/dT)(dT/dy) = —sin § cos ¢R  (28)

¥

The heat flux in the y direction is

=g J["an, b
q—h 0dz . do 4ﬁlwsmﬂcos<pdﬂ (29)

Substituting Egs. (26) and (27) into Eq. (29), and perform-
ing the integration yields the thermal conductivity parallel to
the film as

e ep/T
k, = 5 ﬁ”vj 7,(1 — 3g/2)x*ex(e — 1)~2dx (30)
) it

4]

where a factor of three has been included to account for the
three phonon polarizations. The universal function g is related
to the exponential function E,** as

g = {1 — 4[Es(&) — Es(G)IVL, 3

Equation (30) is identical to Callaway’s model if the total
relaxation time in Eq. (3) is replaced by

7, = 1,(1 — 3¢/2) (32)

To be consistent in form with Matthiessen’s rule, the boundary
relaxation time can be defined as

7, = 7[2/(3g) — 1] (33)

Such a definition, however, is of little use since it depends
upon 7;.

Two limiting cases of Eq. (30) can be obtained. When £ is
infinite, that is for a large specimen, g goes to zero, and k,
is identical to the expression for a bulk medium. When # is
very small, by series expansion of the exponential functions,>
g can be expressed as

g= i+ (~y+ 1 - i), (34)
Substituting Eq. (34) into Eq. (32) gives
7= (=y+ 1= w3y (35)

The above expression is analogous to Casimir’s limit if the
third term in the bracket is neglected. But this term is actually
greater than the first two terms. In fact, according to Casimir’s
theory, the phonon MFP would diverge for parallel plates.
Equation (35) gives a finite value, which is more reasonable.

To calculate the thermal conductivity parallel to the film,
the total relaxation time in Holland’s model is replaced by
Eq. (32). Again, the internal scattering times are taken the
same as in Eqgs. (3—6) with the boundary terms moved. As
in Holland’s paper,'” the average phonon velocity is used in
{, when calculating the factor g.

Figure 6 displays the thermal conductivity of GaAs parallel
to the film. Note that it is independent of the transmission
coefficient because of the diffuse boundary assumption. Dots
in the figure are thermal conductivities for an isolated spec-
imen of square cross section of length 0.729 cm calculated
from Holland’s original model. At high temperatures, they
approach those of a film of 0.729-cm thickness. But at iow
temperatures they are smaller than those of the film because
phonons in the film are not confined in the lateral directions



CHEN AND TIEN: QUANTUM WELL STRUCTURES 317

and, therefore, have higher MFP. Figure 7 gives the variation
of thermal conductivity with film thickness at two tempera-
tures. Again, the size effects are more important at low tem-
peratures, and at room temperature films of micron thickness
still show size effects.

Even though the unit cell of the film is cubic, there is an
anisotropy in thermal conductivity due to the size effects.!?
The ratio of k, to k, is plotted in Fig. 8. Thermal conductivity
in the direction parallel to the film is larger than that per-
pendicular to it because phonons. parallel to the film have
longer MFP than those perpendicular to it.

Some limitations of the current model are discussed here.
This work considers single crystal films. No effects of colum-
nar structure and cracks are included. If these effects can be
treated as volumetric and homogeneous, however, they can
be included in the internal relaxation time and the model still
applies. The effects of doping can be taken into account by
adjusting the impurity scattering parameter «. The directional
dependence of phonon group velocity is not included. The
latter may cause phonon focusing.*> Holland’s model is ap-
plied because of the similarity of phonon spectra among GaAs,
Si, and Ge, but the formulas developed for treating the bound-
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ary and the size effects are more general. The success of the
model depends on the accuracy of the internal scattering time.
Finally, the possible change of the density of states due to
the near two-dimensionality is not considered. If this were
included, the specific heat as well as the functional forms of
various relaxation time should be revised.

Conclusions

Thermal conductivity is an important property in the design
of QW structures. Due to the extremely small dimension of
the common QW, the boundary and size effects are important
even at room temperatures. This article presents a theoretical
study of the size effects on the thermal conductivity of the
active region in a quantum well.

Holland’s model is applied for the thermal conductivity of
bulk GaAs, the most commonly used semiconducting QW
material. The model matches the experimental data from 2—
600 K satisfactorily.

When the phonon MFP in a specimen is of the same order
as the typical dimension of the active region, the commonly
used temperature gradient assumption is not valid. The equa-
tion of EPRT developed from the BTE" is applied in pre-
dicting the thermal conductivity of GaAs in a QW. Boundary
conditions for the EPRT are established from the diffuse phonon
mismatch model.!> Thermal conductivity in the direction per-
pendicular to the film is then obtained under certain approx-
imation. The calculation shows that the film thickness has
very strong effects on the thermal conductivity. The boundary
conditions (e.g., the concentration of AlAs in the bounding
media), also affect the thermal conductivity of the active re-
gion. Thermal conductivity parallel to the film is quantified.
Due to the diffuse boundary assumption, the boundary media
have no effect on the thermal conductivity in this direction.
For both cases, the size effects exist at room temperature for
films with thickness on the order of microns. Anisotropy of
thermal conductivity caused by the size and boundary effects
is discussed.
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